Complex structure of a DT surface with $T^2$ topology by Kawai, H. et al.
ar
X
iv
:h
ep
-la
t/9
60
90
02
v1
  3
0 
A
ug
 1
99
6 Complex structure of a DT surface with T 2 topology ∗
H.Kawai a, N.Tsuda a and T.Yukawa a, b
a National Laboratory for High Energy Physics (KEK), Tsukuba 305, Japan
b Coordination Center for Research and Education, The Graduate University for Advanced Studies,
Hayama-cho, Miura-gun, Kanagawa 240-01, Japan
A method of defining the complex structure(i.e. moduli) for dynamically triangulated(DT) surfaces with torus
topology is proposed. Distribution of the moduli parameter is measured numerically and compared with the
Liouville theory for the surface coupled to c = 0, 1 and 2 matter. Equivalence between the dynamical triangulation
and the Liouville theory is established in terms of the complex structure.
1. Introduction
Two-dimensional quantum gravity(2DQG) is
interesting from the point of view of string the-
ory in non-critical or critical dimensions and the
statistical mechanics of random surfaces. As has
been known the matrix model and the continu-
ous theory, i.e. the Liouville field theory, exhibit
the same critical exponent and Green’s function.
However, the mutual relation between DT and
the Liouville theory has not been so evident, be-
cause the DT surfaces are known to be fractal
and its typical fractal dimension is considered to
be four. On the other hand, we will show in this
paper, the complex structure is well defined even
for the DT surfaces, and we can check a precise
equivalence of the DT and the Liouville theory.
It is known that 2DQG can be interpreted as
a special case of the critical string with the con-
formal mode having a linear dilaton background.
The critical string is defined to have two lo-
cal symmetries, i.e. the local scale(Weyl) invari-
ance and the reparametrization(Diffeo) invari-
ance. After imposing these two symmetries on
the world-sheet, no degree of freedom is left for
the metric gµν except for a set of parameters τ ,
which specify the moduli spaceM of the complex
structure: M = {gµν}/Diffeo ⊗ Weyl = {τ}.
Therefore, if we find a way to impose the local
scale invariance on DT, we achieve a step closer
to the study of the numerical simulations of the
∗presented by N.Tsuda
critical string, although it is not very easy at the
present stage. However, considering the complex
structure is very useful for obtaining clear sig-
nals in various measurements because the com-
plex structure can be extracted independently to
the rather complicated fluctuations of the con-
formal mode. In our previous work [1], we have
established how to define and measure the com-
plex structure and the conformal mode on the DT
surfaces with S2 topology. To be concrete we fo-
cus on the case of torus T 2 in this study, but the
generalization would be straightforward.
2. Determination of a moduli on the torus
In the continuous formulation the period τ is
obtained by the following procedure. First we
introduce harmonic 1-form jµdx
µ where jµ sat-
isfies the divergence and rotation free conditions
∂µj
µ = 0 and ∂µjν − ∂νjµ = 0 respectively, with
jµ =
√
ggµνjν . Since there are two linearly inde-
pendent solutions, we can impose two conditions
such as∮
α
jµdx
µ = 0,
∮
β
jµdx
µ =
1
r
, (1)
where α and β represent two independent paths
on the torus which intersect each other only once
and r denotes the resistivity of the surface. Under
these conditions the period τ is given by
τ ≡
∮
α
jµdx
µ + i
∮
α
j˜µdx
µ∮
β
jµdxµ + i
∮
β
j˜µdxµ
=
ir
∮
α
j˜µdx
µ
1 + ir
∮
β
j˜µdxµ
, (2)
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Figure 1. Configuration of batteries inserted
across the α-cycle. The vertices with open circle
denote the vleft and with close circle denote the
vright, respectively.
where j˜µ is the dual of jµ defined by j˜µ =
ǫµν
√
ggνλjλ. This procedure can be easily trans-
lated to the case of triangulated surfaces by iden-
tifying jµ with the current on the resistor network
of the dual graph. Then r
∮
α
jµdx
µ and
∮
α
j˜µdx
µ
correspond to the potential drop along α-cycle
and the total current flowing across α-cycle re-
spectively. We can easily impose two conditions
eq.(1) by inserting electric batteries in the dual
links crossing the α-cycle and apply constant volt-
ages(1V), see Fig.1. Writing the electric poten-
tial at the vertex v as V (v) and assuming that
each bond has resistance 1Ω, the current conser-
vation reads V (v) = 13{
∑
1,2,3 V (vi) + δα-cycle},
where δ
α-cycle represents the voltages of the bat-
teries placed along the α-cycle and v1,2,3 are
the three neighboring vertices of v. We solve
these set of equations iteratively by the succes-
sive over-relaxation method, and estimate the to-
tal currents flowing across the α- and β-cycles
as
∮
α
j˜µdx
µ =
∑
α−cycle{V (vright) − V (vleft) +
1}, and ∮
β
j˜µdx
µ =
∑
β−cycle{V (vright) −
V (vleft)} respectively, where V (vleft) and
V (vright) denote the potentials of vertices placed
at either side of the α- or β-cycle. In the case
of T 2 topology the resistivity is not easily de-
termined because of the lack of the SL(2, C)-
invariance as we have made use of in the S2 topol-
ogy case[1]. Here, we borrow the resistivities ob-
tained in case of the S2 topology in order to de-
termine the moduli of the torus.
Here, we present the theoretical predictions of
the distribution function of the moduli. The
genus-one partition function with c scalar fields
is given by [2] by
Z ≃
∫
F
d2τ
(τ2)2
{C(τ)}c−1, (3)
C(τ) = (
1
2
τ2)
− 1
2 e
pi
6
τ2 |
∞∏
n=1
(1− e2piiτn)|−2, (4)
where τ is a moduli parameter τ = τ1 + iτ2, and
F denotes the fundamental region. According to
the integrand of eq.(3), we find that the density
distribution function of τ in the fundamental re-
gion is given by up to an overall numerical factor
τ
−
3+c
2
2 e
−pi
6
τ2 (1−c)|
∞∏
n=1
(1− e2piiτn)|2(1−c). (5)
The distribution of τ2 for c > 1
† indicates the
instability of the vacuum due to the tachyon of
the bosonic string theory. It may become a clear
evidence for the branched polymers.
3. Numerical results and discussions
Fig.2 shows the distribution of the period τ for
a surface with 16K triangles in the case of the
pure gravity with about 1.5 × 104 independent
configurations. Roughly speaking larger values of
τ2 in the fundamental region represent tori de-
formed like a long thin tube, while smaller values
of τ2 represent almost regular tori. In order to
compare numerical results with the predictions of
the Liouville theory eq.(5), we consider the dis-
tribution functions integrated over τ1. Fig.3
shows the density distributions of τ2 in the case
of the pure-gravity with 2K, 4K, 8K and 16K tri-
angles. Fig.4 shows the distributions of τ2 in the
case of surfaces coupled with a scalar field(c = 1)
with 4K, 8K and 16K triangles. It is clear that
the numerical results agree fairly well with the
predictions of the Liouville theory for sufficiently
† In the case of the sphere, for example, the anomalous di-
mensions and the string susceptibility turn to be complex
for c > 1.
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Figure 2. Plot of the moduli(τ) on the complex-
plane with a total number of triangles of 16K. A
dot denotes τ which is mapped into the funda-
mental region of each configuration
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Figure 3. Density-distributions of τ2 in the case
of pure-gravity.
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Figure 4. Density-distributions of τ2 in the case
of c = 1.
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Figure 5. Density-distributions of τ2 in the case
of c = 2.
large number of triangles. Fig.5 shows the distri-
butions of τ2 in the case of two scalar fields(c = 2)
with 4K, 8K and 16K triangles. In this case, we
cannot detect the divergence of the distribution of
τ2. It would be hard to obtain a large value of τ2
for relatively small number of triangles, because
we need many triangles to form a long narrow
shape to the torus. We conclude that the DT
surfaces have the same complex structure as the
Liouville theory in the thermodynamic limit for
c ≤ 1 cases.
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